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Abstract
In Coulomb blockaded systems charge transport is possible due to
quantum fluctuations of the electron charge on the charging
island. The cotunneling formalism developed by Nazarov et. al.
uses energy-independent contact transmission probabilities. In
this work the contact transmission probability was expanded by
introducing single-level molecules (modelled by Lorentzian
transmission functions) between the charging island and the
leads. The equilibrium positions and couplings of the energy
levels were varied to study the current-voltage (I-V) behaviour.
The I-V behaviour of the energy-dependent systems deviates from
the constant probability case for sufficiently large bias voltage,
which is a direct effect of the introduction of Lorentzian
transmission functions. It was also found that shifting the
equilibrium positions of the individual energy levels produced an
offset in the differential conductance curves for the different
equilibrium positions at zero bias voltage. The interest in
cotunneling with energy-dependent contact transmission stems
from amplified resistance modification of nanoparticle-based
molecular electronics devices in the cotunneling regime.
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Chapter1
Introduction
Nanoparticle arrays have become interesting systems to study electronic
transport in molecular electronics [1] [2]. Molecular electronics offers a
variety of interesting phenomena related to charge transport in molecu-
lar junctions: from controlling the Coulomb charging of the arrays[3], to
investigating the optoelectronic properties of gold nanoparticle arrays[4],
to the making of molecular switches[5]. Charge transport can occur by
applying a bias or gate voltage, thermal considerations, or from quan-
tum fluctuations. Clever arrangements of the molecular systems is cru-
cial in studying electronic transport. One such arrangement, which is also
the main topic of this thesis, concerns charge transport in a system that
is Coulomb blockaded. The phenomenon of Coulomb blockade forbids
charge transport due to electrostatics and thermal considerations, but does
not forbid charge transport due to quantum fluctuations. Charge transport
due to quantum fluctuations of the charge on the nanoparticle can hap-
pen due to the energy-time Heisenberg uncertainty relation. This type of
charge transport is called cotunneling. An applied bias voltage, or a tem-
perature gradient[6], can affect the magnitude of the cotunneling current.
The cotunneling current also depends on the transmission probability for
an electron to go from one part of the system to another. In most cases the
transmission probability is assumed to be a constant. The aim of this work
is to study the effect of an energy-dependent transmission probability. We
will primarily examine the cotunneling current due to an applied bias volt-
age. Energy-dependent cotunneling is of interest due to the molecules that
are used to connect the nanoparticle arrays. It has been shown that there
is a significant modification of the resistance of nanoparticle-based molec-
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10 Introduction
ular electronics devices in the cotunneling regime [7], and this is an area
of active research in the van der Molen group. An energy-independent
transmission probability does not take into account the energy levels of
the connecting molecules in nanoparticle-based molecular electronics de-
vices [8]. For simplicity, the cotunneling systems that will be discussed are
not nanoparticle arrays, but a single nanoparticle (charging island) that
is attached to two electron reservoirs (leads). The charging island is at-
tached via molecules to the leads. The inclusion of the molecules makes
the transmission probability no longer energy independent. The effects on
the cotunneling current due to the energy-dependent transmission proba-
bilities, due to molecular junctions, is the concern of this piece of work.
10
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Chapter2
Theory
In this chapter, the theory of cotunneling will be examined in detail. To
study cotunneling, a system needs to be in the Coulomb blockade regime.
As tunneling has no classical analog, charge transport, as described by
cotunneling, is a quantum phenomenon. Aside from being a quantum
phenomenon, the cotunneling current behaves differently as one would
expect for ohmic behaviour, where the current is proportional to the volt-
age I ∝ V. The aim of this work is to investigate the difference between
energy-independent and energy-dependent cotunneling. The expression
for the energy-independent cotunneling current is found using the Nazarov
formalism. The approximations made in the energy-independent cotun-
neling situation makes it possible to analytically solve the equations needed
for the cotunneling current. It will be seen that the expression for the
energy-dependent cotunneling current complicates the situation which leads
to numerically calculating the cotunneling current.
2.1 Coulomb Blockade
Before examining the behaviour of a system where cotunneling (quantum)
conditions are met, it is wise to look at charge transport in the ’classical’
regime. Imagine a system where a charging island is connected to two
electron reservoirs (leads) as depicted in Figure 2.1. The quantity of inter-
est is the current flowing through this system as a function of an applied
bias voltage. An electron can be transmitted from one part of the system
to another, if the electron has enough energy to do so. Transmission can
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occur between a junction of the lead and the charging island. A current is
set up when a net amount of electrons hops from one side of the system to
the other side. Since the charging island in between the leads behaves like
a capacitor, it requires a charging energy EC, defined as the energy to put
a charge Q on the capacitor[10]. Since the smallest charge one can put on
a capacitor is the elementary charge e, the charging energy is given by:
EC =
e2
2C
(2.1)
with C the capacitance of the island. The capacitance of an object depends
on its geometry. In the case that the charging island is modelled as a metal-
lic sphere, the capacitance C of a sphere of radius R is given by C = 4pie0erR
with e0 the vacuum permittivity, and er the relative permittivity. Typi-
cal charging energies for nanoscale three-terminal devices are in the meV
range[2].
Figure 2.1: A charging island, with charging energy EC, placed between two leads
The energy required for electron transport can come from thermal energy
in the leads, or electrostatically by applying a bias voltage. If either the
thermal energy kBT or the electrostatic energy eV (or both) are larger than
EC, a net current flows through the system. This type of transport is called
14
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sequential transport. The system is said to be in the Coulomb blockade regime
if kBT, eV  EC [9]. Charge transport due to thermal energy, and/or due
to an applied bias voltage, is thus not possible. For what follows, the sys-
tems under consideration are in the Coulomb blockade regime, unless ex-
plicitly indicated otherwise.
2.2 Energy-Independent Cotunneling
2.2.1 Qualitative Analysis
One can imagine that if conductance experiments were performed on a
Coulomb blockaded system there will be no net current. However, a net
current is measured and this seemingly forbidden current can be explained
in the framework of cotunneling[11]. In the previous section it was implied
that charge transport is governed only by excitations due to thermal fluc-
tuations, or by applying an electrostatic voltage bias. When going into the
quantum world one has to go back to the picture of the transport process
and re-examine the limiting features for charge transport. When consider-
ing a Coulomb blockaded system such as the one in Figure 2.1, classically
it is to be expected that an electron does not have the energy to move
through the system. However, quantum mechanically, the energy situation
is not so simple due to the Heisenberg uncertainty relation. Specifically,
the energy-time Heisenberg uncertainty relation[12], given by
∆E∆t ≥ h¯
2
(2.2)
with ∆E the dispersion (uncertainty) in energy, and ∆t the dispersion in
time. The Heisenberg uncertainty relation effectively makes it possible for
an electron to have the energy to hop from a lead onto the charging island,
or vice versa, for a short amount of time. The time an electron can reside
on the charging island is given by ∆t ≈ h¯/EC. A current is observed in
the system if an electron from a lead is transmitted onto the charging is-
land, with transmission probabilitiy Ti1 In the time window allowed by
the Heisenberg uncertainty relation, Eq. (2.2), an electron (not necessarily
the original one from the first lead) is transmitted from the charging is-
land onto the other lead, with transmission probability Ti2. In this way the
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charge on the charging island does not change after the process is com-
pleted. However, after the process the amount of electrons in the two
leads has changed, yielding charge transport. The current associated with
the fluctuations of the electron charge is proportional to the contact trans-
mission of the leads, and inversely proportional to the charging energy
squared:
I f luctuations ∝
Ti1Ti2
E2C
(2.3)
In the energy-independent cotunneling case, the probabilities Ti1 and Ti2
are assumed to be constants. The probability amplitude is proportional to
∆t, and since the transmission probability is the modulus squared of the
probability amplitude, the forbidden current is inverserly proportional to
the square of the charging energy. One can expect the forbidden current
I f orbidden to depend on the applied bias voltage, and on the temperature
of the system. The precise relationship of the above mentioned quantities
and the cotunneling current will be discussed below.
2.2.2 Quantitative Analysis
To be more precise, the charging island is separated from the two leads
by means of tunnel barriers. The tunnel barriers ensure that the wave-
function of an electron in a lead or on the charging island does not extend
across the boundary of the lead or charging island: the electron will be
localized in the lead or the island if R  1/G0, with G0 the quantum of
conductance[14]. The simultaneous tunneling of electrons from one lead
to the charging island, and the tunneling of an electron from the charging
island to the other lead is the origin of the current in the system.
Mathematically, the situation for electron transport described in the previ-
ous section can be explained with the help of Fermi’s Golden Rule[13]: the
transition rate from an initial state |i〉 to a final state | f 〉 is given by
Γi→ f =
2pi
h¯
|〈i|Hˆ| f 〉|2δ(E f − Ei) (2.4)
with Hˆ the tunneling Hamiltonian of the system. The delta function en-
sures conservation of energy in the system. The effect of the Heisenberg
uncertainty relation manifests itself in the form of states where energy con-
servation is briefly violated, so-called virtual states. Figure 2.2 displays the
16
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energies of interest for transport. In the following energy diagrams, and
also in the calculations, the bias voltage is applied in such a way as to
shift the chemical potential of the left lead upward by + eV2 , and to shift
the chemical potential of the right lead downward by - eV2 . Of course, an
arbitrary voltage drop over the contacts is also possible, however the sit-
uation in Figure 2.2 is taken for convenience. The charging island can be
considered grounded, due to the symmetric application of the bias volt-
age. Figure 2.2 displays the general case where ES1 6= ES2. The different
possibilites of the virtual energies will be discussed below. The relevant
energies are: the energy of the electrons at the left lead El, the energy of
the electrons at the right lead Er, and the energies at the charging island,
ES1 and ES2. The energies at the charging island ES1 and ES2 are of cru-
cial importance for the existence of the virtual states of the cotunneling
process. With the energies of interest defined, the cases of inelastic and
elastic cotunneling need to be adressed. Elastic cotunneling is the situation
where ES1 = ES2. In the case of inelastic cotunneling the system is left in
an excited state after the cotunneling process is completed. The inelastic
cotunneling process is the case where ES1 6= ES2.
Figure 2.2: Energy diagram of a charging island coupled to two leads with an
applied bias voltage V. El and Er are the energies of the left lead and the right
lead, respectively. ES1 and ES2 are energies on the charging island.
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The inclusion of virtual states in the transition rates can be seen by ex-
panding the matrix elements of Eq. 2.4:
|〈i|Hˆ| f 〉|2 =
∣∣∣∣∑
v
〈i|Hˆ|v〉〈v|Hˆ| f 〉
Ei − Ev
∣∣∣∣2 (2.5)
where the sum is over all possible virtual states of the full system |v〉, and
Ei - Ev is the difference in energy of the initial and virtual state due to the
Heisenberg relation. The difference in energy of the virtual and real states
is a consequence of the Heisenberg uncertainty relation. Let the element
representing tunneling from the initial state to a virtual state be given by
Tiv, and the element representing tunneling from a virtual state to the final
state be given by Tv f :
Tiv ≡ 〈i|Hˆ|v〉 (2.6)
Tv f ≡ 〈v|Hˆ| f 〉 (2.7)
The cotunneling current depends on the order with which the fluctuations
of the electron charge in the system occurs. The order of the charge fluctua-
tions affect the energies of the virtual states. The ordering will be adressed
in the following section.
2.2.3 The Cotunneling Current
The next step in obtaining the current is in identifying how the relevant
energies influence the cotunneling process. For convenience, only one di-
rection of the cotunneling current will be adressed. The symmetry of the
system makes it possible to evaluate the current in the opposite direction
by switching the sign of the bias voltage. An electron with an energy El
can tunnel from the left lead onto the island, which has an energy ES1. In
a time interval ∆t = h¯/∆E, an electron with energy ES2 on the island can
tunnel onto an empty state in the right lead, which has an energy Er, as
depicted in Figure 2.3.
18
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(a)
(b)
Figure 2.3: The energy diagrams of the different virtual states. (a): An electron
tunnels first from the left lead to the island, afterwards an electron tunnels from
the island onto the right lead. (b): An electron tunnels first from the island onto
the right lead, afterwards an electron tunnels from the left lead to the island.
The order of electron tunneling in the system is important for the virtual
states, as the energy of the virtual states depends on this order, see Eq. 2.5:
1. An electron from the left lead tunnels through the barrier to a state
on the island, which has an energy ES1. Subsequently, an electron
on the charging island with energy ES2, tunnels to the right lead, see
Figure 2.3(a).
2. An electron on the island, with an energy ES2, tunnels to the right
lead. Subsequently, an electron from the left lead tunnels to the
charging island, with an energy ES1, see Figure 2.3( b).
Let the situation depicted in Figure 2.3(a) be denoted by |v1〉, and the sit-
uation depicted in Figure 2.3 (b) be denoted by |v2〉. The transition rate
depends on the tunneling probabilities, on the occupation of states, on en-
ergy conservation of the system, and on summation over the virtual states.
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The first step comes in discovering the energies of the virtual, initial, and
final states. In a cotunneling process, the amount of electrons on the island
is the same for the initial and final state. The island is left in an excited
state, when considering inelastic cotunneling. In the final state, the left
lead has one electron less as compared to the initial state. The right lead
has one more electron in the final state as compared to the initial state. In
the state |i〉 there is an electron in the left lead with energy El, an electron
residing in the Fermi sea of the island with energy ES2, and N electrons on
the island. In the final state | f 〉, there is an electron in the right lead, with
energy Er, an electron with energy ES1 on the island and N electrons on
the island. The initial energy Ei, and final energy E f of the system are:
Ei = El + ES2 + Eisland(N)
E f = Er + ES1 + Eisland(N)− eV
}
⇒ E f − Ei = Er + ES1 − El − ES2 − eV
(2.8)
with Eisland(N) the energy of the island with N electrons. As stated above,
the order of electron tunneling in the system is important for the energies
of the virtual states. The energies of the virtual states |v1〉 and |v2〉 are:
Ev1 = Eisland(N + 1) + ES1 + ES2 − eVL (2.9)
Ev2 = Eisland(N − 1) + El + Er + eVR (2.10)
with e(VL −VR) = eV (2.11)
Define:
E+ ≡ Eisland(N)− Eisland(N + 1)− eVL
E− ≡ Eisland(N)− Eisland(N − 1) + eVR
(2.12)
Let
Tl,S1 ≡ 〈i|H|v1〉 TS2,r ≡ 〈v1|H| f 〉 (2.13)
TS2,r ≡ 〈i|H|v2〉 Tl,S1 ≡ 〈v2|H| f 〉 (2.14)
Tl,S1 is the probability amplitude that an electron from the left lead tunnels
to a virtual energy state ES1. Similarly, TS2,r is the probability amplitude
20
Version of July 6, 2015– Created July 6, 2015 - 12:07
2.2 Energy-Independent Cotunneling 21
that an electron in the energy state ES2 tunnels to an empty energy state in
the right lead.
Now that the energies of the different states have been defined, one needs
to look at the electron occupation of the different parts of the systems. The
occupation of the leads and the charging island are given by the Fermi-
Dirac distribution [15]. At finite temperatures T it is given by:
fFD(E) =
1
e
E−µ
kBT + 1
(2.15)
with µ the chemical potential.
The next step is to look at how the occupation of states and the tunneling
probabilities determine the current. Pauli’s exlusion principle prohibits
two or more electrons to occupy the same state. The distribution of unoc-
cupied electron states of energy E is given by 1− fFD(E).
The total electron transition rate to tunnel from the left lead to the island
is given by the probability of tunneling from the left lead to the island,
|Tl,S1|2, multiplied by the occupation of an electron with energy in the left
lead, fFD(El), and multiplied by the distribution of an unoccupied state
with ES1 on the island, [1− fFD(ES1)]:
|Tl,S1|2 fFD(El)[1− fFD(ES1)] (2.16)
Similarly, the total electron transition rate for electrons to tunnel from the
island, with energy ES2, to the right lead, with energy Er, is given by:
|TS2,r|2 fFD(ES2)[1− fFD(Er)] (2.17)
The transition rate is finally given by summing over all the relevant ener-
gies of the virtual states: El, Er, ES1, and ES2:
Γi→ f = ∑
Ev1 ,Ev2 ,El ,Er
2pi
h¯
|Tl,S1|2|TS2,r|2
[
1
E+ − ES1 + El +
1
E− − Er + ES2
]2
× fFD(El)
[
1− fFD(ES1)
]× fFD(ES2)[1− fFD(Er)]
× δ(ES1 + Er − El − ES2 − eV)
(2.18)
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The sum is taken when the energies involved are discrete energy states.
However for the systems under consideration, the spacing between the
energy levels is sufficiently small that the discrete sum can be replaced by
a four-dimensional integral over the energies, given by:
Γi→ f =
2pi
h¯
∫∫∫∫ ∞
−∞
[
|Tl,S1|2|TS2,r|2
[
1
E+ − ES1 + El +
1
E− − Er + ES2
]2
× fFD(El)
[
1− fFD(Er)
]× fFD(ES2)[1− fFD(ES1)]
× δ(ES1 + Er − El − ES2 − eV)
]
dEldErdES1dES2
(2.19)
The delta function kills one of the integrals, making Eq. 2.19 effectively a
three-dimensional integral. With an eye set upon future simplicity, let
eL = El − ES1 (2.20)
eR = ES2 − Er (2.21)
The integral becomes:
Γi→ f =
2pi
h¯
∫∫∫∫ ∞
−∞
[
|Tl,eL |2|TeR,r|2
[
1
E+ + eL
+
1
E− + eR
]2
× fFD(El)
[
1− fFD(El + eL)
]× fFD(ES2)[1− fFD(ES2 + eR)]
× δ(eR + eL − eV)
]
dEldeLdES2deR
(2.22)
Using the identity:∫ ∞
−∞
|T∆E|2 fFD(E)[1− fFD(E− ∆E)]dE = h¯2pi
G∆E
e2
∆E
e∆E/kBT − 1
≡ h¯
2pi
ζ(∆E)
(2.23)
with G∆E the contact conductance. ζ(∆E) is the single-electron rate in this
situation. The contact conductance G∆E is, strictly speaking, a quantity
that depends on the relevant energies that were defined above.
22
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The transition rate becomes:
Γi→ f =
∫∫ ∞
−∞
h¯
2pi
[
1
E+ + eL
+
1
E− + eR
]2
× ζ(−eL)ζ(−eR)δ(eL + eR − eV)deLdeR
(2.24)
To further simplify the integral 2.24, some approximations on the energy
scales are needed. In order to be in the Coulomb blockade regime and
for the application of Fermi’s golden rule, the charging energy needs to be
much larger than the electrostatic energy EC  eV or any other energies
in the system. The expressions in 2.12 become:
Eisland(N)− Eisland(N + 1)− eVL ≈ −EC
Eisland(N)− Eisland(N − 1) + eVR ≈ EC
(2.25)
for small bias voltages. Since the charging energy is much larger than
the other energies EC  eL, eR, the denominators in the integral 2.24 are
simplified and the integral becomes:
Γi→ f =
2h¯
piE2C
∫ ∞
−∞
ζ(−eL)ζ(eV − eL)deL =
2h¯
piE2C
GLGR
e4
∫ ∞
−∞
eL(eV − eL)
(e−eL/kBT − 1)(e(eL−eV)/kBT − 1)deL
(2.26)
with GL and GR the contact conductance of the left and right lead, respec-
tively. The remaining integral can be evaluated by a change of variables,
however this will not be shown here as all the physically relevant ap-
proximations have been made. The transition rate is related to the cur-
rent by Γi→ f = I/e. After turning the last mathematical crank, the co-
tunneling current in the positive direction I+ is found. The cotunneling
current in the opposite direction still needs to be evaluated. Due to the
(anti)symmetry of the system, the total cotunneling current is given by
I(V) = e[I+(V)− I+(−V)]:
I(V) =
h¯
12pi
GLGR
e2
(eV)2 + (2pikBT)2
E2C
V (2.27)
The temperature dependence[6] of the cotunneling current, at a constant
bias voltage, behaves as I ∝ T2. For kBT  eV it is seen that I ∝ V3.
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Ohmic behaviour I ∝ V is seen in the current Eq. (2.27) when kBT  eV.
The effects of the Heisenberg uncertainty relation is seen in the denom-
inator in Eq. (2.27), since (∆t)2 ∝ 1/E2C. The contact conductance G∆E,
strictly speaking, depends on the energy ∆E. In the above case ∆E is rep-
resented by the energies eL and eR for the junctions of the left and right
lead, respectively. However, due to the above approximations and the as-
sumption of constant transmission probabilities |Tl,S1|2, |TS2,r|2, the contact
conductances GL and GR are constants. The constant contact conductances
makes it possible to have a closed form for the integral in Eq. (2.22). The
I ∝ V3 picture for kBT  eV, and I ∝ V for kBT  eV are crucial con-
sequences of the constant contact conductance assumption. The constant
contact conductance picture is altered when the transmission probabilities
become energy dependent. The behaviour of the cotunneling current for
the case of constant transmission probability, as a function of an applied
bias voltage V at a fixed temperature, can be seen in Figure 2.4. For conve-
nience, a unit transmission probability for the current is taken. For small
bias voltages, the cotunneling current becomes very small. A current at
small bias voltage is seen due to the finite temperature T in the system.
Figure 2.4: IV curve of constant transmission inelastic cotunneling.
24
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To acquire more information on the behaviour of the cotunneling current,
it is useful to study the differential conductance of the system. The dif-
ferential conductance curve can illuminate the different regions where the
current is increasing or decreasing. In Figure 2.5 the differential conduc-
tance curve is plotted as a function of the applied bias voltage. The plot
shows a parabolic dependence, which is what would be expected since
the cotunneling current at a fixed temperature has a cubic dependence in
V: I ∝ V3. Note that the differential conductance is not zero at zero bias
voltage: this is due to the finite temperature in the system. For larger bias
voltages, the electrostatic energy is of the order of the charging energy, eV
≈ EC, and sequential transport will dominate.
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Figure 2.5: Differential conductance curve of constant transmission inelastic co-
tunneling
It is important to note that the expression for the cotunneling current, Eq.
(2.27) was acquired by making key approximations on the validity of the
different energies. The charging energy of the system was taken to be
much higher than the energies El, Er, ES1, and ES2. The bias voltage and
temperatures were kept at low values such that the charging energy again
dominates. All these approximations made it possible to neglect all the
terms in the dominator in Eq. (2.24), except the charging energy. Effec-
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tively, the aforementioned approximations lead to the fact that the trans-
mission probability only depends on the charging energy. This approxi-
mation makes it possible to analytically solve the integral Eq. (2.19), since
the charging energy is taken to be a constant. The constancy of the trans-
mission probability leads to the V3, and T2 dependence of the cotunneling
current. With the energy independent cotunneling case taken care of, the
next destination in this journey of charge transport is the energy depen-
dent cotunneling case.
2.3 Energy-Dependent Cotunneling
2.3.1 Statement of the Problem
With the cotunneling current evaluated for the energy-independent case,
the topic of interest of this thesis can now be addressed: energy-dependent
cotunneling. The charging island in the previous section was connected by
means of tunnel barriers to the leads. In the evaluation of the cotunneling
current in the previous section, the approximations effectively made the
transmission probability through the tunnel barrier energy-independent.
As was mentioned above, molecules act as connecters in nanoparticle-
based molecular electronics devices. The next section is dedicated to tak-
ing into account the energy of the connecting molecules. Let us assume
that the charging island is connected via single-level molecules to the leads,
as seen in Figure 2.6.
26
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Figure 2.6: A charging island is connected via two single level molecules to the
leads.
For convenience, a single-level molecule is used as a model for energy de-
pendent cotunneling. The validity of the energy approximations that were
made in the previous section needs to be re-examined when the single-
level molecule is taken into account. The energy diagram of the new co-
tunneling system can be seen in Figure 2.7. The single-level molecules can
be represented in the energy diagram as an extra energy level between the
energy levels of the leads and island. In this picture, the energy level of
the molecule connected to the left lead is denoted by Em,l. Likewise, the
energy of the molecule connected to the right lead is denoted by Em,r.
Figure 2.7: Energy diagram of a cotunneling system with single level molecules
placed between the leads and the island
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It is expected that due to the single-level molecules, the probability ampli-
tudes of transmission for the two leads Tl,S1 and TS2,r will become func-
tions of energy. In the case of energy-independent cotunneling the tun-
nel barriers treated all the electron energies on the same footing. How-
ever, the transmission probability is now altered and one can expect that
the energy-dependent tunnel barrier will favor transmission of electrons
within a certain energy range δE, while suppressing electron transmission
in a different energy range δE′. This selective acceptance of transmission
energies depends on the shape of the transmission function of the molecular
tunnel barrier system. The transmission function also depends on whether
one is considering elastic or inelastic transport through a single level. For
the case of elastic transport through a single-level barrier, the transmission
function can be found with the help of Green’s functions [5]. The Green’s
functions method will help in revealing how the single-level molecule is
modified due to coupling to electrodes. Green’s functions can be used to
describe the probability amplitude for the occurence of certain processes.
The type of processes described depends on the argument of these func-
tions. Processes that can be described with the help of Green’s functions
are: the propagation of electrons in time domain or in energy space, prop-
agation in real space, in momentum space or in an atomic lattice. In the
present case, we are dealing with a one-dimensional chain of sites (atoms).
Green’s functions have a number of useful properties [5]. One of the use-
ful properties of Green’s functions is the relation of the imaginary part of
the Green’s function with the density of states given by:
ρi(E) = ∓ 1pi Im{G
r,a
ii (E)} (2.28)
with the subscript denoting the projection of the density of states onto
the atom (or site) i, and the superscripts r,a denoting the retarded and ad-
vanced Greens function, respectively (’-’ for the retarded Green’s function,
and ’+’ for the advanced Green’s function). We consider only one single-
level molecule connected to two leads, since the two molecular junctions
in Figure 2.6 can be treated in an identical manner. In the present case, the
interest lies in finding how the single-level molecule is modified by cou-
pling the molecule to the two electrodes, which is here the G00 element.
28
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The Hamiltonian of the system is:
H = HL +HR +∑
σ
eoc†0σc0σ+
∑
σ
tL
(
c†0σcLσ + c
†
Lσc0σ
)
+∑
σ
tR
(
c†0σcRσ + c
†
Rσc0σ
) (2.29)
Where HL and HR are the Hamiltonians describing the left and right lead,
respectively. e0 denotes the energy of the single-level molecule. tL and tR
are (real) hopping parameters which denote the coupling of the molecule
to the left and right lead, respectively. To solve the problem, the use of
Dyson’s equation is needed:
Gr,a(E) = gr,a(E) + gr,a(E)VGr,a(E) (2.30)
where gr,a(E) are the Green’s functions for the unperturbed problem and
V is an arbitary single-particle perturbation. In other words, the Green’s
function of the interacting system can be found in terms of the Green’s
functions for the non-interacting system. In the current problem g00 = 1/(E
- e0). The perturbation in this system is the coupling of the single-level mo-
lecule to the left and right leads: V0L = tL and V0R = tR. The superscripts
for the retarded and advance Green’s functions will be dropped as they
give the same answer for the density of states apart from a minus sign.
The Green’s function for the single-level molecule is given by:
G00(E) = g00(E) + g00(E)V0LGL0(E) + g00V0RGR0(E) (2.31)
To acquire GL0 and GR0 Dyson’s equations is used once more:
GL0 = gLL(E)VL0G00(E)
GR0 = gRR(E)VR0G00(E)
(2.32)
where gLL(E) and gRR(E) are the unperturbed Green’s functions of the left
and right lead, respectively. Since g(E) are the Green’s functions for the
unperturbed problem then there are no correlations between the different
parts of the system; gij(E) = 0 for i 6= j. Filling the expressions for GL0 and
GR0 in Eq. 2.32 and rearranging, the Green’s function is then given by:
G00(E) =
1
E− e0 −∑00(E)
(2.33)
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where ∑00(E) = t2LgLL(E) + t
2
RgRR(E) is deemed the self-energy of the
single-level molecule. The interaction of the single-level molecule with
the leads is described by this self-energy. In order to continue further an
approximation is needed. The Green’s functions of the left and right lead
are assumed to be imaginary in the vicinity of e0. Furthermore, the Green’s
functions are assumed to not depend too strongly on energy in the vicinity
of e0. The self-energy becomes ∑00 =∓ iΓ [5]. The Green’s function for the
single-level molecule becomes:
G00 =
1
E− e0 ± iΓ (2.34)
with the plus sign the solution of the retarded Green’s function and the
minus sign for the advanced Green’s function. Using the definition of the
density of states in Eq. 2.28 the density of states of the molecule is given
by a Lorentzian:
ρ(E) =
1
pi
Γ
(E− e0)2 + Γ2 (2.35)
with 2Γ the full width at half maximum (FWHM) of the Lorentzian, and
e0 is the position of the peak of the Lorentzian. The coupling of the single-
level molecule to the leads led to the level being broadened. We are inter-
ested in contact transmission probabilities: The maximum probability for
transmission is 1. The Lorentzian transmission function is given by:
T(E) =
Γ2
(E− e0)2 + Γ2 (2.36)
Figure 2.8 is a plot of a Lorentzian distribution with different values of Γ
and e0. As was mentioned above, increasing the value of Γ broadens the
Lorentzian, while the peak of the Lorentzian is shifted due to changes in
e0. In what follows, we will see that these characteristics will be important
for the behaviour of the cotunneling currrent.
30
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Figure 2.8: Lorentzian distribution with different values of Γ, and two values of
the position of the maximum, e0.
2.3.2 The Importance of Energy
In the case of single-level molecules, Γ is the broadening of the single
molecular level due to the coupling of the molecule with an electron reser-
voir. The peak of the Lorentzian gives the energy that is favoured for res-
onant tunneling. Hence, it is reasonable to expect the electrons with en-
ergies close to the Lorentzian peak will be the significant contributors to
the cotunneling current. The integral to evaluate the cotunneling current
Eq. (2.19) is now altered due to the energy dependence of the transmission
probabilities. As stated in the previous section, the constant transmission
probability is replaced by a Lorentzian transmission function, given by
Eq. 2.36. The energy E0 is the peak of the Lorentzian. The transmission
probability of electrons tunneling through the molecule is highest near this
energy. Due to the broadening, as described by the Lorentzian transmis-
sion function, transmission through the molecule can take place at ener-
gies E 6= Em,l.
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The transmission probabilities Tl,S1 and TS2,r are no longer constants, but
are replaced by Lorentzians in the calculation for the cotunneling current.
It is reasonable to expect that the cotunneling current will be affected by
these new transmission probabilities. A Lorentzian transmission function
can be used in the case that the incoming electron energy is the same as
the outgoing electron energy. However, in the inelastic cotunneling case
the initial and final energies of the system are not equal Ei 6= E f . The ’tun-
neling energy’ will affect the behaviour of the cotunneling current. An
important aspect of the behaviour of the cotunneling current is encoded
in the transmission probability. To state the problem more clearly: What
is the energy of an electron when it reaches the molecule, and what is the
energy of the electron when it leaves said molecule and reaches the next
stage in the cotunneling process? Is the initial assumption of a Lorentzian
transmission function a good representation of what really happens in this
cotunneling process? The problem is to figure out how the transmission
probabilities are affected by the electron energies during the tunneling
processes. Figure 2.9 displays the energy diagram of the cotunneling sys-
tem with single level molecules. As described above, the coupling of the
molecules to the leads and island leads to a broadening of the molecular
level.
Figure 2.9: Energy diagram of a cotunneling system with broadened single level
molecules
32
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The energy of the incoming electron must not change during tunneling
through the molecule, as then the use of a Lorentzian transmission func-
tion would not be valid. For what follows, we make an assumption on
how the energy of the electrons behave in the case of inelastic cotunneling.
To find the energy with which an electron has when tunneling through the
molecule, a description with the help of plane waves will be of use. An
electron incident on a molecule can be described as a plane wave. Elec-
trons with energies that are close to the energy level of the molecule will
undergo constructive interference. The electrons that undergo construc-
tive interference will be able to leave the molecule in the direction that
corresponds to a net particle flow. The electrons with energies far away
from the molecular energy will experience destructive interference and
will be reflected to the source. What this implies is that it is the incoming
electron energy incident on the molecule that governs the cotunneling cur-
rent. The energy diagram of the situation that an electron from the left
lead, with an incoming energy El, tunnels to the island is shown in Figure
2.10. Of course, Figure 2.10 can be modified to the case that an electron
from the island tunnels to the right lead by replacing El → ES2, and ES1
→ Er. It is important to note that, in both cases, the assumption is that it
is the incoming electron energy the electron has when tunneling through the
molecule. As previously stated, due the Lorentzian transmission function,
the tunneling of electrons is suppressed in a certain energy range. This re-
sults in a reduction of the current, as compared to the energy-independent
cotunneling case.
Figure 2.10: The electron energy pathways for an electron incident from the left
lead.
Other considerations when investigating the inclusion of the Lorentzian
are the coupling of the molecules to the leads and charging island, and the
shift of the molecular energy levels. The peak of the Lorentzian distribu-
tion can be shifted, which corresponds to a shift in the energy at which
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the transmission probability is at its maximum. Shifting the peak of the
Lorentzian is tantamount to shifting the energy level of the molecule w.r.t.
the original configuration. One way of shifting the molecular level is by
gating the molecule. The molecular shift will be denoted by eL/R for the
left/right molecule. One also needs to consider the coupling of the mole-
cules to the leads and the island. The coupling will be denoted by ηL/R
for the left/right molecule. The molecules can be strongly coupled to the
leads, strongly coupled to the island, or have coupling anywhere between
these two extremes. The coupling of the molecules with the leads and is-
land affects the voltage drop over the molecule w.r.t. the leads and island.
It is reasonable to expect that this voltage drop can affect the cotunneling
current. The Lorentzian distribution becomes, after including the coupling
effect and possible molecular shifts:
T(Ei) =
Γ2i
(Ei − (ei + ηieVi))2 + Γ2i
(2.37)
with the subscript accounting for the possibility of different molecular
shifts and coupling of the molecules of the different parts of the system.
Care needs to be taken when considering the voltage drop over the mo-
lecules due to the molecular coupling strengths. In the calculations the
charging island is grounded and the bias voltage is applied in such a way
as to shift the Fermi levels of the leads symmetrically w.r.t. the Fermi level
of the charging island: the fraction of the voltage drop of the left molecule
w.r.t. the left lead and charging island is
η = (1− ηL). (2.38)
Similarly, the fraction of the voltage drop of the right molecule w.r.t. the
charging island and right lead is denoted by
η = ηR (2.39)
Figure 2.11 displays the energy diagrams for two extreme coupling cases.
In Figure 2.11a both molecules are strongly coupled to the charging is-
land, ηL = 0, ηR = 0. In this scenario the fraction of the voltage drop over
the left molecule is η = 1− ηL = 1, and the fraction of the voltage drop
over the right molecule is η = ηR = 1. Figure 2.11b displays the other
extreme, namely both molecules are strongly coupled to the leads. Here
ηL = 1, ηR = 1.The fraction of the voltage drop over the left molecules is
34
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η = 1− ηL = 0, and the fraction of the voltage drop over the right mole-
cule is η = ηR = 1.
(a)
(b)
Figure 2.11: The energy diagrams for two different molecular coupling strengths.
(a): Both molecules are strongly coupled to the island. (b): Both molecules are
strongly coupled to the leads.
The integral for the transition rate that has to be evaluated is now:
2pi
h¯
∫∫∫∫ ∞
−∞
[
T(E˜L)T(E˜R)
[
1
E+ + ES1 − El +
1
E− + Er − ES2
]2
fFD(El) fFD(ES2)
×[1− fFD(Er)][1− fFD(ES1)]δ(ES1 + Er − El − ES2 − eV)]dES1dES2dErdEl
(2.40)
with the E˜L, E˜R depicting the behaviour of the energy of the left and right
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molecule, respectively. Due to the energy dependence of the Lorentzian
transmission function, the integral in Eq. 2.40 will be solved numerically.
The consequences of the modified transmission function is the subject of
the next chapter.
36
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Chapter3
Simulations & Results
In this chapter the physical reasoning and calculations of cotunneling with
energy-dependent contact transmission probability will be discussed.
Specifically, the effect of replacing the constant transmission probability
with a Lorentzian transmission function and its effect on the cotunnel-
ing current will be addressed. Parameters of importance are the charging
energy, the width of the Lorentzian transmission function Γ, and the en-
ergy range concerning the thermal and electrostatic contributions to the
electron transport energy. The cases of energy-dependent and energy-
independent cotunneling will be compared as to determine the scope of
the effect of energy-dependent contact transmission probabilities. It will
be made clear that the inclusion of an energy-dependent transmission func-
tion alters the cotunneling current in a clear observable manner. At the
end of this chapter a brief overview of another approach to the energy-
dependent cotunneling case will be given.
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3.1 The Simulations
3.1.1 The Start
The time has come to solve the expression for the energy-dependent co-
tunneling current and investigate its behaviour. Here, to calculate the co-
tunneling current as a function of an applied bias voltage, the integral in
Eq. 2.40 is solved for small voltage steps V until some maximum voltage
Vmax. The expression given in Eq. 2.40 is for the rate from left to right. The
rate from right to left can be found by the replacement eV → −eV. The
total current is given by Itotal = I(V) - I(−V). In all calculations the tem-
perature and charging energy were kept at fixed values. The parameters of
interest for the investigation of the Lorentzian transmission function are:
the broadening of the single-level molecule Γ, the molecular energy shift
e, and the coupling of the molecules η. The calculations of the cotunneling
systems were done with the help of MATLAB®[16]. The code used for the
calculations of the energy dependent cotunneling case can be found in the
Appendix.
3.1.2 Results
To start this section, one limit for the energy-dependent cotunneling case
will be discussed to evaluate the validity of the use of a Lorentzian trans-
mission function. The limit concerns increasing the width of the Lorentzian
while the other parameters of the Lorentzian are kept at a fixed value. An-
other limit deals with adopting values of the parameters (Γ, T, EC, e) of
the system that are not of the same order of magnitude. The first limit
is necessary to check if the energy-dependent cotunneling system in this
work will approximate energy-independent cotunneling behaviour. The
second limit is to make further investigations in the corresponding pa-
rameters unambiguous. This limit will be discussed further below. In all
the calculations, it is assumed that the molecule linking the left lead to the
island and the molecule linking the island to the right lead share the same
properties (i.e. the molecules are the same). In other words, the broad-
ening of the left molecule ΓL and the broadening of the right molecule ΓR
are the same, ΓL = ΓR. One would expect that if the broadening of the
Lorentzian is sufficiently large, the Lorentzian transmission functions ap-
proximates the constant transmission case. This corresponds to increasing
Γ in the calculations. The IV-curves for increasing values of Γ are shown
40
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in Figure 3.1. The molecules in this system are equally strongly coupled
to the leads and charging island ηL = ηR = 0.5: in a system where a sin-
gle level molecule is attached to two leads, the equal coupling situation is
the situation that gives the maximum current. The single-level energies of
both molecules are not shifted eL = eR = 0.
−0.25 −0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2 0.25
−0.02
−0.015
−0.01
−0.005
0
0.005
0.01
0.015
0.02
Voltage [V]
C
ur
re
nt
 [a
.u.
]
 
 
Constant Transmission
Γ = 0.005 eV
Γ = 0.014 eV
Γ = 0.037 eV
Γ = 0.100 eV
Γ = 0.273 eV
Γ = 0.742 eV
Figure 3.1: IV-curves of constant transmission and energy dependent cotunneling
processes with a Lorentzian transmission function. EC = 1.0 eV. T = 0.01 eV/kB. Γ
= 0.02 eV, eL = eR = 0, ηL = ηR = 0.5.
For small Γ the IV-curves are very flat. However, as Γ is increased to large
values (w.r.t. EC) the IV-curves in the bias window become less flat and ap-
proaches the V3 behaviour of the constant transmission probability case.
The change in the form of the cotunneling current of the energy-dependent
case is an indication that the cotunneling behaviour begins to change when
Γ becomes very large. Since Γ is a measure of the width of the Lorentzian,
a very large Γ is tantamount to having the region of maximum transmis-
sion of the Lorentzian span the entire bias voltage range. The fact that the
IV-curves with large Γ approximates the constant transmission case is a
strong indication that the model adapted in this work is a reasonable de-
scription of the actual processes in a cotunneling system with molecules
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attached to the leads and charging island. The change in behaviour can
also be examined by studying the differential conductance. The differen-
tial conductance of the IV-curves in 3.1 is shown in Figure 3.2.
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Figure 3.2: IV-curves of constant transmission and energy-dependent cotunnel-
ing processes with a Lorentzian transmission function. EC = 1.0 eV. T = 0.01
eV/kB. Γ = 0.02 eV, eL = eR = 0, ηL = ηR = 0.5.
The differential conductance curves for small Γ are very flat. As Γ is in-
creased to very large values, the flatness transitions to the V2 behaviour
that is seen in the constant transmission probability case. For small Γ val-
ues the differential conductance curves increases parabolically for small
bias voltages, while for larger bias voltages the differential conductance
does not significantly increase. The curve with the largest Γ has a broad-
ening that is comparable to the charging energy of the system. This largest
Γ system approximates the constant transmission cotunneling case quite
well. The first limiting case that was checked in this section approximates
the constant transmission case when the Lorentzian is made sufficiently
broad.
The next step in this journey of cotunneling begins with investigating the
42
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limit that the relevant parameters in the system are not of the same order
of magnitude. This choice was made to make further investigations in the
individual parameters unambiguous. For what follows, only the positive
bias voltage contribution is shown: the equations are anti-symmetric in
the voltage V. The behaviour of a constant transmission function and a
Lorentzian transmission function can be seen in Figure 3.3. In this system
the individual molecular energy levels are shifted by a constant amount
and the cotunneling current is calculated for each shift. The energy levels
of both molecules are shifted by the same amount for each system eL =
eR. The charging energy of both systems is EC = 10 eV. The broadening of
the molecular system is Γ = 0.05 eV. The temperature is fixed at T = 0.001
eV/kBT. The molecules are both strongly coupled to the charging island,
ηR = 0 and ηL = 0.
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Figure 3.3: IV curve of constant transmission energy-dependent cotunneling pro-
cess with a Lorentzian transmission function. e is the molecular energy level shift
e, in eV. EC = 10 eV. T = 0.001 eV/kB. Γ = 0.05 eV, ηR = 0 , ηL = 0.
The cotunneling current of the energy-dependent and constant transmis-
sion systems are relatively the same at small bias voltages. This can be un-
derstood by the fact that at low bias voltages the molecular broadening is
comparable to the bias voltage window: the Lorentzian transmission func-
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tion effectively behaves as a constant transmission probability, giving com-
parable cotunneling currents for the true constant transmission case and
the Lorentzian transmission function. The current for the constant trans-
mission case is seen to be much larger than the case of energy-dependent
transmission probability when the voltage is increasd. When the bias volt-
age window is much larger than the broadening of the molecular energy
level the shape of the Lorentzian begins to affect the current: the larger
bias voltage window makes it possible that electrons with energies larger
than Γ correspond to energies that are in the tails of the Lorentzian, i.e.
in the parts of the Lorentzian with a lower probability of transmission, as
compared to energies comparable or smaller than Γ. To better study the
differences of the cotunneling currents of the curves in Figure 3.3, the dif-
ferential conductance is plotted in Figure 3.4. As can be seen in Figure 3.4,
the differential conductance of the different cotunneling systems overlap
for small bias voltages. The different conductance curves cannot be distin-
guished for zero bias voltage, at least not for the parameters used in this
calculation.
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Figure 3.4: Differential Conductance of constant transmission and energy depen-
dent cotunneling process with a Lorentztian transmission function. e is the molec-
ular energy level shift, in eV. EC = 10.0 eV. T = 0.001 eV/kB. Γ = 0.05 eV, ηR = 0,
ηL = 0.
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For larger bias voltages, the differential conductance curves behave differ-
ently. For the case of constant transmission, the differential conductance
curve will increase parabolically for all voltages. For the molecular sys-
tem the differential conductance curves increases for small bias voltages.
However, increasing the bias voltage eventually leads to a decrease in the
differential conductance of the molecular system. This can be understood
by realizing that for larger bias voltages, the energy of the electrons from
the leads no longer reach the Lorentzian near its peak and so the current
increases less rapidly for larger bias voltages. Shifting the Lorentzian has
a significant effect on the cotunneling current of the molecular systems.
The current for the different shifted molecular systems are different, even
though the voltage range is kept the same. For small bias voltages, the
cotunneling currents for the different molecular levels are very similar.
However, as the voltage increases the cotunneling current for the differ-
ent molecular systems behave in a distinct manner. The current increases
more rapidly for the small e-systems as compared to the larger e-systems.
As was mentioned above, the width of the Lorentzian is relatively big for
small bias voltages. A shift e′ will shift the peak of the Lorentzian out-
side the bias voltage window if e′ is large compared to the bias voltage
range. If the peak is shifted outside the bias window then it will be the
tails of the Lorentzian that will be in the bias window. As was discussed
above, transmission through the tails of Lorentzian gives a smaller cur-
rent as compared to transmission through the peak of the Lorentzian. An
ever increasing shift of the molecular energy levels will cause the transmis-
sion of the electrons to occur primarly through the tails of the Lorentzian.
When the bias window is increased such as to also include the peak of
the Lorentzian, then the cotunneling current should increase. The volt-
age range, for which the differential conductance is small, increases as
the molecular energy shift increases. Eventually, the differential conduc-
tance increases significantly for the systems with a large (compared to the
width of the Lorentzian Γ) molecular energy shift. When the bias voltage is
sufficiently large the differential conductance curves of all molecular sys-
tems begin to decrease. This again signals the saturation of the Lorentzian
curves.
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An interesting feature of these differential conductance curves is that the
curves for different e have crossings. This can be seen for the molecular
shifts of e1 = 0.6 eV and e2 = 0.8 eV in Figure 3.4. At large bias voltages,
the differential conductance of the two systems cross. This signals that the
current of the e2 system increases more rapidly than the current increase
of the e1 system, for a small voltage range. The curves for e1 and e2 cross
once again when one continues to increase the bias voltage, thus the dif-
ferential conductance of the e1 system is greater than that of the e2 system
once more. The same behaviour can be seen for the e2 system and e3 sys-
tem, with e3 = 1.0 eV. However, the e3 curve also crosses the e1 curve.
The current for the e3 system temporarily increases slightly more than the
increase of the current of the e1 system. Again the curves of the e1 and e2
systems cross once again; the differential conductance of the e1 system is
greater than that of the e3 system. Figure 3.5 is an energy diagram for an
arbitrary voltage V.
(a)
(b)
Figure 3.5: The energy diagrams for two different molecular energy shift. (a): The
individual molecular energy levels are aligned with the Fermi level of the island
eL = eR = 0. (b): The individual molecular energy levels are shifted by an equal
amount upwards w.r.t. the Fermi level of the island, eL = eR > 0.
46
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In Figure 3.5a the individual molecular energy levels are aligned with the
Fermi level of the island. In Figure 3.5b the individual molecular energy
levels are shifted upwards w.r.t. the Fermi level of the island. Let us ex-
amine the behaviour of the left molecule. The Lorentzian is pushed more
and more into the bias window of the left molecule as e is increased w.r.t.
the Fermi level of the island: if we only take this part into account the cur-
rent should increase. Shifting the Lorentzian more and more in the bias
window can lead to the case that the current will be at a maximum for
some bias voltage V. Let us compare this scenario with a single molecule
connected to two leads. Equal coupling will always give the maximum
current, this is because the overlap of the Lorentzian in the bias window is
optimal and the fraction of the voltage drop over the molecule is the same
for all voltages. However, a constant shift e does not give the same volt-
age drop over the molecule for all voltages. For a constant e there is thus
a bias voltage that corresponds to optimal overlap of the Lorentzian in the
bias window. Let us now examine the right molecule. The Lorentzian is
pushed more and more outside the bias window of the right molecule as
e is increased w.r.t. the Fermi level of the island: if we only take this part
into account, the current should decrease. The Full Width at Half Maxi-
mum (FWHM) of the Lorentzian is 2Γ: each shift in e in the above calcula-
tions is equal to the FWHM of the Lorentzians. Each shift in e very quickly
pushes the Lorentzians outside the bias window for small voltages for the
right molecule. The combination of simultaneously pushing the left mole-
cule into the bias window and the right molecule outside the bias window
explains the small peaks in the differential conductance curves for large e.
The systems that were under consideration in the previous results were
systems where the parameters, EC, Γ, e, and T were chosen to not be of the
same order of magnitude. Now it is time to study a system where these
parameters are around the same order of magnitude. In the following, the
effect of the coupling of the molecules to the leads and charging island will
also be inspected. For the case of a single-level molecule attached to two
leads, the current is at its maximum for equal coupling. Equal coupling
corresponds to the situation where ηL/R = 0.5. It is reasonable to expect
that the cotunneling current will be the largest when the molecules are
equally strongly coupled to the leads and charging island. The peak of the
Lorentzian is then precisely in between the Fermi energy of the left(right)
lead and the Fermi energy of the charging island. Coupling strength de-
pendence will be discussed further below. The IV-curves for molecular
systems with different coupling strengths of the molecules to the leads
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and charging island can be seen in Figure 3.6. The individual molecular
energy levels are not shifted in the calculation in Figure 3.6.
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Figure 3.6: IV-curves of constant transmission and energy dependent cotunneling
processes with a Lorentzian transmission function.EC = 1.0 eV. T = 0.01 eV/kB. Γ
= 0.02 eV, eL = eR = 0.
The IV-curves of the different η systems seem to come in pairs. The IV-
curves for ηL = 0.4 and ηL = 0.8 cross for sufficiently large bias voltages.
For small bias voltage the ηL = ηR = 0.5 system does give the largest co-
tunneling current. However, for sufficiently large bias voltage the system
with the largest cotunneling current is the system with ηL = ηR = 0.6. The
current for the equal coupling case and the η = 0.60 case are very nearly
equal, however the current of the η = 0.60 system is larger than the equal
coupling case. One more interesting feature is that the current of the η =
0.8 case becomes larger than the current of the η = 0.4 case. In the case of a
single molecule attached to two leads the currents of the coupling of ηL =
0.4 and ηL = 0.6 are the same. In the cotunneling case the currents begin to
drift apart as the voltage is increased. The differential conductance of the
curves in Figure 3.6 can be seen in Figure 3.7.
In the differential conductance curves there are again the curves that come
48
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Figure 3.7: Differential conductance curves of constant transmission and energy
dependent cotunneling processes with a Lorentzian transmission function. EC =
1.0 eV. T = 0.01 eV/kB. Γ = 0.02 eV, eL = eR = 0.
in pairs. The pairs of curves in Figure 3.7 corresponds to the same pairs
of curves in Figure 3.6. The differential conductance of the equal coupling
case η = 0.5 is the largest for small bias voltages, however at larger bias
voltages the differential conductance of the the η = 0.6 system is larger
than the equal coupling case. Let us consider for a moment a single molec-
ular junction. In the case of only one molecule attached between two leads
the equal coupling case gives the maximum current. Due to the symmetry
of the system, making the coupling stronger by an amount η′ or making
the coupling weaker by η′ w.r.t. the equal coupling case produces the same
current. Figure 3.8 illustrates the effect of changing the coupling by an
amount η′. Coupling the molecule slightly to the left lead by an amount η′
w.r.t. the equal coupling case pushes the Lorentzian upward outside the
bias window. In the same way, coupling the molecule slightly to the right
lead by an amount η′ w.r.t. the equal coupling case pushes the Lorentzian
downward outside the bias window. In the single molecular junction sys-
tem there are pairs of currents of equal magintude that correspond to the
two different ways to couple the molecule to the two leads w.r.t. the equal
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coupling case. In the cotunneling system this does not seem to be the case.
The currents of these pairs are nearly equal for small bias voltages, how-
ever the pairs drift apart for sufficiently large bias voltages. Furthermore,
the equal coupling case does not give the maximum current for large bias
voltage. It is not completely understood why this happens.
Figure 3.8: Single level molecule equally coupled to the two leads, η = 0.5.
Changing the coupling , upwards or downwards, by an amount η′ w.r.t. η pro-
duces two currents of equal magnitude.
To investigate this absence of symmetry in the cotunneling system, the fol-
lowing calculation investigates the effect of having the molecules equally
coupled to the leads and charging island while the individual molecular
energy levels are shifted by a constant amount. Figure 3.9 shows the be-
haviour of the cotunneling current when the parameters for the temper-
ature, molecular shift and charging energy are roughly the same order of
magnitude. The molecules are equally strongly coupled to the leads and
charging island. The equal coupling choice was made because it was be-
lieved that this is the situation of maximum transmission.
The IV-curves for the different molecular systems all have a very small
current for small bias voltages. One distinct difference, compared to the
large parameter case in Figure 3.3, is the crossing of the IV-curves for the
molecular shift range e = 0.00 eV - 0.06 eV when the bias voltage is suf-
ficiently large. Figure 3.9 reveals that for sufficiently large bias voltages
the current for the zero molecular energy shift is smaller than the currents
for e = 0.02 eV, e= 0.04 eV, and e = 0.06 eV. Something is causing the cur-
rent to be larger than one would expect if only the important properties
of a Lorentzian transmission function are considered. The crossings of the
50
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Figure 3.9: IV curve of constant transmission and energy dependent cotunneling
processes with a Lorentzian transmission function. EC = 1.0 eV. T = 0.01 eV/kB. Γ
= 0.02 eV, ηL = ηR = 0.5.
IV-curves of the different e systems can be better seen in Figure 3.9. Valu-
able information can again be acquired by studying the differential con-
ductance of the curves in Figure 3.9. Again, the differential conductance
curve is acquired by taking the derivative w.r.t. the voltage of the curves
in Figure 3.9 and can be seen in Figure 3.10.
One interesting feature of the differential conductance curves in Figure
3.10 is that at zero bias voltage the curves do not exactly overlap. This
can be explained by the finite temperature of the system. The finite tem-
perature causes an offset in the differential conductance for zero bias volt-
age. The differential conductance for the constant tranmission probability
case is non-zero at zero bias voltage due to a finite temperature. For the
energy-dependent cotunneling case a finite temperature also gives a non-
zero differential conductance for zero bias voltage. The shift in molecular
energy levels thus makes it possible to differentiate between the different
e systems at zero bias voltage. For ever larger bias voltages the differen-
tial conductance curves in Figure 3.10 become larger as e becomes larger.
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Figure 3.10: Differential conductance curves of constant transmission and energy
dependent cotunneling processes with a Lorentzian transmission function. EC =
1.0 eV. T = 0.01 eV/kB. Γ = 0.02 eV, ηL = ηR = 0.5.
To understand the behaviour of the IV-curves, a useful approximation is
needed. In the previous case, the charging island behaviour was given by
the term
(
1
E+ − ES1 + El +
1
E− − Er + ES2
)2
(3.1)
The following approximation is made for the behaviour of the charging
island:
E+ − ES1 + El ≈ EC
E− − Er + ES2 ≈ EC
(3.2)
This definition for the charging island is to elucidate the behaviour of the
charging island for large bias voltages. In the derivation of the energy-
independent cotunneling case this approximation was also used with the
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justification that the charging energy is much larger than the other relevant
energies in the system. The expression for the cotunneling current with
the definitions in 3.2 will be denoted by the ’approximate form’, while the
behaviour of the charging island given by Eq. 3.1 will be denoted by the
’full form’. The IV-curves for the approximate form systems is shown in
Figure 3.11.
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Figure 3.11: IV-curves of constant transmission and energy-dependent cotunnel-
ing processes with a Lorentzian transmission function with the approximation
made in Eq. 3.2. EC = 1.0 eV. T = 0.01 eV/KBT. Γ = 0.02 eV, ηL = ηR = 0.5.
Similar to the full form case, the IV-curves for the approximate form for
small molecular energy shifts cross when the bias window is sufficiently
large. However, the crossings of the different molecular energy systems
are not at the same voltage as in the full form case. The crossings happen
for smaller bias voltages for the approximate form compared to the exact
solution for the cotunneling current. The crossings can be better seen in
Figure 3.11. Unlike the previous case, there are fewer crossings. The IV-
curve of the system with no molecular energy shift crosses the e = 0.02 eV
and e = 0.04 eV systems, as compared to the multiple crossings with the
other e systems in Figure 3.9. The charging island contribution in Eq. 2.40
is affected by the inclusion of Er, El,ES1 and ES2. Inclusion of Er, El,ES1
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and ES2 in the charging island term reduces the total current, because they
are in the denominator of the integrand. For the approximate form the
charging island term is a constant and can be put outside the integral. As
the voltage is increased the values that Er, El,ES1 and ES2 can take are in-
creased. There are more possible energy paths due to an ever increasing
bias window: This is true for the approximate form Eq. 3.2 as well as for
the full form Eq. 3.1. Further calculations are needed to fully understand
the behaviour of the crossings. When the voltage is sufficiently increased
the possible energy values of Er, El,ES1 and ES2 are increased. These ener-
gies are not independent of each other due to the energy conservation con-
dition encoded in the delta function in the expression for Fermi’s golden
rule. The differential conductance of the IV-curves in Figure 3.11 is shown
in Figure 3.12.
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Figure 3.12: Differential conductance curves of constant transmission and energy
dependent cotunneling processes with a Lorentzian transmission function.EC =
1.0 eV. T = 0.01 eV/kB. Γ = 0.02 eV, ηL = ηR = 0.5.
The differential conductance curves cross similarly to the previous case
with the full expression for the charging island. Again, the crossings are
at different voltages. As the bias window is increased the two systems of
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the full charging island expression and the approximate form behave dif-
ferently. The differential conductance increases much more rapidly for the
Lorentzian curves in Figure 3.12 as compared to the Lorentzian curves in
Figure 3.10. Again at zero bias voltage there is still an observable differ-
ence between the curves of different e, which can be attributed to the finite
temperature in the system, as in the previous case without the approxima-
tion in Eq. 3.2. If we examine the expression for the energy-independent
cotunneling case Eq. 2.27 we see that increasing the voltage increases the
current. This can also be understood with the Heisenberg uncertainty re-
lation Eq.2.2: for larger bias voltages the difference between the EC and
the energy of an electron in the left lead El becomes smaller encouraging
tunneling of electrons. In the energy-dependent case the voltage has to
correspond to resonant tunneling to produce a large current. There seems
to be a competition between the supression of the cotunneling current due
to the Lorentzian transmission functions, and the regular cotunneling be-
haviour of Eq. 2.27.
3.2 Discussion
When studying the different regimes of the cotunneling current there are
a few features that are clear. The inclusion of energy dependence in the
form of a Lorentzian transmission function has an observable effect in the
system, at least when one is only interested in one cotunneling junction.
For small bias voltages the cotunneling currents of the molecular systems
are strongly affected by the properties of a Lorentzian: the current is max-
imal in the vicinity of the peak of the Lorentzian and decreases as the en-
ergy of the incoming electron is further away from this peak. This is due
to the electron energies coinciding with the tails of the Lorentzian, where
the transmission probability is small. The current begins to behave dif-
ferently at larger bias voltages if only the effects of transmission through
a Lorentzian are considered. The behaviour of the charging island has
an observable effect if one uses the approximation in Eq. 3.2 or the ex-
act expression for the charging island when one is considering the same
order of magnitude values for e, Γ, V, T, and EC. Crossings of the IV-
curves for the molecular levels are shifted to larger voltages for the exact
expression for the charging island as compared to the approximate form
of the charging island. There seems to be a bias voltage range where the
behaviour reminiscent of energy-independent cotunneling also comes into
play in the energy-dependent cotunneling current. At the moment of writ-
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ing, a complete understanding of this shift has not been attained. Another
unanswered question is how the coupling of the molecules to the leads
and charging island exactly affects the current. When one considers a
single-level molecule attached to two leads then the current is at a max-
imum when the molecule is equally strongly coupled to the two leads,
for all voltages. This is not so for the cotunneling system. The maximum
current for small voltages is indeed when equal coupling is present. How-
ever, when the voltage is increased the current for a coupling of ηL = 0.6 is
larger than the equal coupling case. For even larger voltages, the current
for a coupling of ηL = 0.8 also becomes larger than the equal coupling case.
This is also a mystery and needs to be further investigated. The current of
the molecular system approximated the constant transmission probability
case when the broadening of the Lorentzian was made very large: Γ ≈ EC.
In the large Γ limit the Lorentzian is thus a good approximation to the
constant transmission case.
3.3 Further Developments
In this work energy-dependent cotunneling was modelled with single level
molecules attached to the leads and charging island. The constant trans-
mission probabilities needed to be replaced with energy-dependent trans-
mission functions having the form of Lorentzians. In this approach the
single-level molecules were not considered as charging islands themselves.
If one does take into account charging effects for the molecules then one is
considering a higher order cotunneling process: the molecules also have
to behave as charging islands and the process of cotunneling through the
molecules also have to abide by their own Heisenberg energy-time uncer-
tainty relation. The two considerations are thus completely different and
the results will not converge. The higher order process can then be consid-
ered as a correction to the cotunneling case that was investigated in this
work.
56
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Chapter4
Conclusions
One of the main conclusions is that energy-dependent cotunneling does
have an observable effect in the current, when comparing with the energy-
independent case. It is important to note that the systems under consider-
ation were single charging island systems. It is yet to be seen if the energy-
dependent cotunneling systems will give a measurable effect on the cotun-
neling current of nanoparticle arrays. In finding an expression for the be-
haviour of the cotunneling current for the energy-dependent case the most
important step was the assumption that the energy an electron has during
transmission is the incoming energy of said electron. Without this assump-
tion the use of a Lorentzian would not be valid. The cotunneling current of
the energy-dependent system approximates the cotunneling current of the
constant transmission system when Γ becomes very large. A large Γmakes
it possible that the peak of the Lorentzian spans the entire bias window
range, effectively behaving as a system with a constant transmission prob-
ability. The cotunneling systems where the parameters of interest were
close to each other yielded other interesting results. The currents for small
bias voltages were affected by the inclusion of the Lorentzian as one would
expect. At larger bias voltages the Lorentzian transmission functions still
had an important effect, however the energy conservation condition in the
system made it possible to have a larger than expected current even when
the voltages involved corresponded to electrostatic energies that were in
the tails of the Lorentzians. When considering the approximation in Eq.
3.2, the crossings that were in the exact form shifted to small bias voltages.
One more area of interest was the effect of the coupling to the current. The
case of equal coupling generates the maximum current in a single level
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molecule described by a Lorentzian transmission function. This is not the
case when a charging island is included into the mix. Equal coupling pro-
duced the largest current for small bias voltages. However, couplings of
η = 0.6 and η = 0.8 yielded currents larger than the equal coupling case
for larger bias voltages. The last two considerations have remained unan-
swered at the moment of writing.
4.1 Outlook
In this work the effects of an energy-dependent contact transmission in a
Coulomb blockaded system was investigated. The behaviour of the cotun-
neling current cannot be described only by resonant tunneling through the
single-level molecule. The energy behaviour of the charging island, due to
Fermi’s golden rule Eq. 2.5, affects the current. However, when the en-
ergy behaviour was thrown out, as in Eq. 3.2, the cotunneling current at
large bias voltages still could not be understood. One more area of inves-
tigation can be in considering how conservation of energy affects the sys-
tem. Namely, the energies are not independent of each other, and it might
be this dependence that can illucidate the energy-dependent cotunneling
current. Energy dependence can be a dangerous thing if one looks at oil,
however it can be exciting and interesting when examining cotunneling.
60
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AppendixA
Matlab Code
clear all;
close all;
% the following code can be used to calculate IV curves for different
%molecular shifts the code can be easily modified for gamma
% and eta changes
% unit of energy in eV
% firsteta=0;
% secondeta=0;
% 1 eV/kb = 11604.505 Kelvin
% 13 march 2015: units in meV
Gamma = 0.02; %molecule level broadening
Eps = 0.00; %molecule level initial shift
k = 1.00; %Boltzmann constant
e = 1.00; %Electron charge
T = 0.01; %minimum temperature of loop
hBar = 1.00; %hbar
Ec = 1.0; %Coulomb charging energy
FirstEta = 0.5;
SecondEta = 0.5;
V = 0.0; %voltage
dV = 0.1; %voltage step
Vmax = 0.5; %maximum voltage
EpsSteps=6; %amount of epsilon steps
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LeftLead=@(El,V,T) 1./(exp((El-e.*V/2)/(k.*T))+1);
%fermi contribution of the left lead with energy El
RightLead=@(Er,V,T) 1./(exp((Er+e.*V/2)/(k.*T))+1);
%fermi contribution of the right lead with energy Er
FirstMol=@(El,V,FirstEta,Eps,Gamma) Gammaˆ2./...
.((El-Eps-e.*V*FirstEta/2).ˆ2+Gammaˆ2);
% Lorentzian transmission function of the left lead
%and charging island junction
SecondMol=@(Er,V,SecondEta,Eps,Gamma) Gammaˆ2./...
.((Er-Eps+e.*V*SecondEta/2).ˆ2+Gammaˆ2);
% Lorentzian transmission function of the right lead
% and charging island junction
NP=@(El,Er,Es1,Es2,V,T) (1./(abs(Ec+Es1-El-(e/2).*V))+ ...
.1./abs((Ec+Er-Es2+(e/2).*V))).ˆ2 ...
.*LeftLead(Es2,0,T).*(1-LeftLead(Es1,0,T));
% the behaviour of the charging island due to virtual processes
matlabpool open; %starts parallel pool
h = waitbar(0,'Please wait...'); %having a waitbar is nice
for t=1:EpsSteps; %epsilon loop
Eps = 0.02*(t-1) ; %set epsilon
Epsi(t)= Eps; %store epsilon
fprintf('Starting iteration %d\n', t); %prints progress
waitbar(t / EpsSteps)
parfor i=1:2*Vmax/dV; %loop for creating IV-curves
V = Vmax-dV*i;
FunMol1=@(El,Es1,Es2) FirstMol(El,V,FirstEta,Eps,Gamma)...
..*SecondMol(Es2,V,SecondEta,Eps,Gamma)...
..*NP(El,El-Es1+Es2+e*V,Es1,Es2,V,T)...
..*(LeftLead(El,V,T).*(1-RightLead(El-Es1+Es2+e*V,V,T)));
% integrand with the Lorentzian transmission probability
NPmolSum1(i,t)=
-e*integral3(FunMol1,-inf,inf,-inf,inf,-inf,inf,'RelTol',0.0000001
,'AbsTol',0.00000001);
% calculation of the IV curves with Lorentzian transmission probability
FunNP=@(El,Es1,Es2) NP(El,El-Es1+Es2+e*V,Es1,Es2,V,T)...
.*(LeftLead(El,V,T)).*(1-RightLead(El-Es1+Es2+e*V,V,T));
% integrand of constant transmission probability
NPonlySum(i)=
-e*integral3(FunNP,-inf,inf,-inf,inf,-inf,inf,'RelTol',0.0000001
,'AbsTol',0.00000001);
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% calculation of the IV curves with a constant transmission probability
end
for i=1:2*Vmax/dV;
NPmolsum1rev(i,t) = -NPmolSum1(size(NPmolSum1,1)-i+1,t);
NPonlysumrev(i) = -NPonlySum(length(NPonlySum)-i+1);
% current in the opposite direction
end
for i = 1:2*Vmax/dV;
NPmolSum1Tot(i,t)= NPmolSum1(i,t) + NPmolsum1rev(i,t);
NPonlySumTot(i)= NPonlySum(i) + NPonlysumrev(i);
% total current
end
% Doing this is possible because I(V) - I(-V) is symmetric: changing the
% voltage changes the definitions of the energies of the system ->
% everything is relabeled by with a minus sign in front, so the
% calculations are symmetric
end
matlabpool close;
figure('Name','Only NP')
plot(-Vmax+dV:dV:Vmax,NPonlySumTot,-Vmax+dV:dV:Vmax,NPmolSum1Tot);
xlabel('Voltage [V]');
ylabel('Current [A/e]');
title('I-V curve Lorentzian transmission function');
syms V;
diffNPmolsum1 = diff(NPmolSum1Tot);
diffNPonlysum = diff(NPonlySumTot);
diffNPmolsum2 = diff(NPmolSum2Tot);
diffNPonlysum2 = diff(NPonlySum2Tot);
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figure;
hold on;
plot(-Vmax+dV:dV:Vmax-dV,diffNPonlysum,-Vmax+dV:dV:Vmax-dV,diffNPmolsum1);
title('dI/dV curve Lorentzian Transmission Function');
xlabel('Voltage [V]'); ylabel('Current [A/e]');
hold off;
close(h)
'the end'
68
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